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Current experiments on different samples of twisted bilayer graphene (TBG) have found different
sets of insulating phases. Despite this diversity, many features of these insulating phases appear to
be universal. They include the dispersion of Landau fans away from charge neutrality, a reduced
Landau fan degeneracy from the expected value at charge neutrality, and the further reduction of
this degeneracy when crossing an insulating phase with odd number of electrons in the superlattice
unit cell. We point out that all these behaviors as well as the ferromagnetic behavior observed
in some of the insulating states suggest an underlying “ideal” pattern, with different part of it
realized in the different samples in different experiments. We further show that such pattern can
be accounted for by a Hubbard like model for the superlattice augmented with a set of chemical
potential dependent mean fields that break the symmetry of the eight internal degrees of freedoms
successively. The simultaneous importance of Mott like physics and mean field physics may be a
general feature of twisted 2D electronic materials with large superlattices, not necessarily confined
to graphene.
Twisted bilayer graphene (TBG) at a small twist angle
is full of puzzles and surprises. Through twisting to the
“magic” angle [1–3] or through out-of-plane pressure [4],
superconductivity can be activated. At the same time,
its normal state also displays a whole host of baffling
phenomena which seem to be related to each other [1–
6]. First of all, a sequence of insulating phases are found
on both sides of charge neutrality (CN) at integer filling,
i.e. integer number of electrons per superlattice unit cell.
The sequence of insulating phases observed appears to be
sample dependent [1–6]. Secondly, the sizes of the Fermi
surfaces on different sides of each insulating phases re-
vealed from the Landau fans are dramatically different.
In all cases, the Landau fans disperse in a direction away
from CN. Thirdly, the degeneracy of Landau fan near CN
is reduced from the expected value of 8 (two spins, two
valleys, and two layers) [7] to 4 [1–4]; and continues to
decrease to 1 as one passes through the successive insulat-
ing phases to the bottom and to the top of the flat band
[3, 4]. In all cases, a change of degeneracy by a factor
of 2 takes place whenever an insulating phase with odd
number of electrons per superlattice unit cell is crossed.
The recurring pattern and the systematic reduction of
degeneracy of the Landau fan suggests that similar phys-
ical mechanisms are at work as the insulating phases are
crossed successively. Even though the number of insulat-
ing states varies between samples, the features mentioned
above appear to be universal.
The insulating phases are surely caused by interac-
tions. The question is they are consequences of mean field
physics or strong (Mott-like) correlations. The success of
the continuum theory [8] in predicting band flattening
around 1.05◦ shows some aspects of band theory are es-
sential, even though it predicts a Landau fan degeneracy
of 8, twice of the observed value. On the other hand,
the emergence of insulating phases at integer number of
electrons per superlattice unit cell is most efficiently ac-
counted for by Mott physics. As a matter of fact, if
one were to generate insulating phases in continuum the-
ory through different types of density wave formation,
one would obtain many insulating phases not necessarily
at integer filling, due to different types of nesting vec-
tors. Hence, while some aspects of the normal state are
readily explained by continuum theory, others are easily
explained by the opposite Mott physics. Neither view-
point can provide simple explanation for the systematic
reduction of Landau fan degeneracy.
There has been an avalanche of theoretical studies
since the announcement of superconductivity in TBG.
Current theoretical studies have spanned both view-
points. In particular, Ref.[9] and [10] have addressed the
issue of Landau fan degeneracy. In Ref.[9], lattice dis-
tortion and coulomb interaction are suggested to be the
cause for reducing the Landau fan degeneracy near CN
from 8 to 4; and Mott physics is invoked for the formation
of the insulating phases at carrier density n = ±ns/2,
where ns = 4 electrons per superlattice unit cell. How-
ever, the reduction of Landau level degeneracy from 4
to 2 around the insulating phases at |n| = ns/2 was not
discussed. On the other hand, Ref.[10] makes use of the
continuum theory. The reduction of degeneracy from 8 to
4 is attributed to Zeeman effect, and its further reduction
from 4 to 2 is found at sufficiently high magnetic field.
This picture makes no reference to the insulating phases
at n = ±ns/2 at zero field. So the suggested mechanism
for degeneracy reduction is not tied to the physics of the
insulators. It is not clear at the moment how the Landau
fan degeneracy of the insulating phases at n = ns/4 and
±3ns/4 [3–5] are explained by these pictures.
Differences between the Hubbard models of large super-
lattices and those of simple lattices: If one were to derive
a Hubbard model to describe the flat band physics of
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2superlattices with large unit cells, one would expect the
hopping integral between the Wannier states of the super-
lattice would have included some interaction effects. At
the same time, there will also be residential interactions
between Wannier states, such as charging energy within
each superlattice unit cell (analogous to the usual Hub-
bard U), as well as effective interactions between different
internal degrees of freedom (i.e. layer, valley, and spin).
Since the spatial extent of the Wannier state includes
hundreds of original unit cells, one expects these effec-
tive interactions will be chemical potential dependent.
Since the charging energy is electrostatic in nature (in
a dielectric medium determined by many-body physics),
it will retain the usual charging form q2/2C within each
unit cell, where q is the charge and C is the capacitance
of the cell. On the other hand, the residual interaction
between different degrees of freedom can be mean field
like. The purpose of this paper is to show that the puz-
zling behavior of the Landau fans observed over the entire
density regime (summarized below) can be captured by
a generalized Hubbard model that includes a set of very
simple chemical dependent mean fields.
Summary of experimental situation: Before proceed-
ing, we first summarize the current experimental findings
schematically in Fig. 1. This figure shows a particle-hole
symmetric pattern. It is identical to the result in Ref.[4]
except for the filling interval −1/2 < n/ns < −1/4. We
shall use this figure to illustrate the key findings in dif-
ferent experiments, as well as the working of our model.
For TBG, the flat band near CN can be viewed as tight
binding model on the superlattice with electrons carry-
ing 8 degrees of freedom: layer index up and down (u, d),
sublattice (or valley) index (K,K ′), and spin index (↑, ↓).
The allowed number of electron (q) per superlattice site
ranges from 8 to 0, where q = 8 and q = 0 correspond
to the full band and the empty band. Charge neutrality
(CN) is at q = 4. The carrier density is n = q−4, and the
filling is n/ns = (q/4) − 1, (ns = 4). The experimental
findings are:
(1) Location of the insulating phases: All insulating
phases discovered so far occur at integer number of elec-
trons per (superlattice) site, i.e. q = integer. In Ref.[1, 2],
only the insulating phases at q = 0, 2, 4, 6, 8 are observed.
In the absence of magnetic field, insulating phases at all
integer values of q except for q = 3 (or n = −ns/4)
are found [3, 4]. The q = 3 insulating state is reported
in [3] when applying magnetic field. Another recent ex-
periment (Ref.[5]) has only found insulating state above
charge neutrality, at q = 4, 6, 7, besides the band insu-
lator at q = 0 and 8. In Fig.1, we show the case where
insulating phases occur at all integer q.
(2) Landau fan degeneracy (G) around CN: Current
experiments show that the Landau fans emerge symmet-
rically on both sides of CN. In Ref.[1–4], these Landau
fans have degeneracy G = 4 instead of 8 predicted by
band theory [8] (See Fig. 1). In Ref. [5], this degeneracy
is even reduced to 2. Despite this difference, the reduc-
tion of degeneracy from the expected value of 8 occurs in
all current experiments.
(3) Landau fans away from CN: As filling n increases
above CN, the Landau fan expands until it reaches an
insulating phase. On the other side of the insulator, a
new Landau fan emerges. The Landau fans on both sides
of an insulating phase indicate a large Fermi surface at
fillings below it and a small Fermi surface above it. An
opposite situation is found for fillings below CN[1–5] (See
Fig.1). That all Landau fans disperse away from CN, and
the dramatic changes in Fermi surface area after crossing
an insulating phase appear to be universal.
(4) Degeneracy patterns away from CN : In Ref.[4],
the degeneracy of the Landau fans (G) varies as 4, 2, 2, 1
and 4, 2, 1 as one sweeps through the metallic phases
above and below CN. Moreover, the reduction of G ap-
pears at insulating states with odd q’s. Fig.1 shows the
particle-hole symmetric version of the finding of Ref.[4],
with the pattern of G (4,2,2,1) on both sides of CN.
Experiments that observed fewer insulating states have
fewer Landau fans. That G is reduced by 2 across in-
sulating phases with odd q, and remain constant across
those with even q also appears to be universal [1–5].
(5) Magnetic field effects : At sufficiently large mag-
netic fields, the degeneracy of Landau fans is found to
reduce in the interval (2 < q < 4) in Ref.[4].
(6) Ferromagnetism: Anomalous Hall effect is found
at q = 7 state in Ref.[5]. It was taken as evidence of
ferromagnetism.
(7) Landau fans associated with non-integer q:
In Ref. [4], a Landau fan is found to converge to
n = −2ns/3, corresponding to non-integer number of
electrons in each superlattice unit cell.
We shall present below a simple model that can ac-
count for (1) to (6). In a separate paper [11], we shall
show that in the weak coupling, density wave states trig-
gered by nesting effects can lead to Landau fans at non-
integer q as in (7).
Our model: With our earlier discussions, we consider a
Hubbard model consists of the usual hopping Tˆ , a charg-
ing energy Hc = q
2/2C = (e2/2C)n2 ≡ Un2, and a set
of mean fields that set in at different chemical potentials
µ, favoring certain structures of internal degrees of free-
dom. We shall first consider interactions that lead to
a particle-hole symmetric Landau fan pattern shown in
Fig. 1, and then show how to obtain the features (1)-(6).
We shall consider the µ-dependent mean field HL, HV ,
and HS that favor specific configurations in layer, valley,
and spin spaces separately. (We stress that such sepa-
ration is chosen to simplify the discussions. Our results
remain unchanged even when the mean fields couple dif-
ferent types of degrees of freedom.) We shall denote the
states favored and disfavored in layer space L ≡ (u, d)
as U and D, those in valley space V ≡ (K,K ′) as K and
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FIG. 1. A particle-hole symmetric idealization of the exper-
imental result in Ref.[4]. The lower axis is carrier density n,
and the upper axis is the number of changes per superlattice
site, qe. The regions where the Landau fans appear are metal-
lic regions. The large numeral denotes the degeneracy G of
the Landau fan. Although different experiments show differ-
ent subset of this pattern, the features (2) to (4) discussed in
text appear to be universal.
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FIG. 2. The chemical potential dependence of various in-
teractions. The charging energy Hc is represented by a solid
blue line. Like Hc, the mean field HL causing layer polariza-
tion is turned on for the entire range of µ. The mean field
HV causing valley polarization is turned on at µ
+
3 and µ
−
5 ,
and the mean field HS causing spin polarization is turned on
at µ+1 and µ
−
7 . The flat portion of these mean fields is for
easy visualization. In general they can vary with µ. In the
case Hc = q
2/2C, if the capacitance becomes very big in the
interval µ−3 < µ < µ
+
3 , Hc (represented by the dashed curve)
will vanish around that interval and the q = 3 Mott state will
be absent.
K′, and those in spin S ≡ (↑, ↓) spaces as α and β. The
pairs (U ,D), (K,K′), and (α, β) are rotations of (u, d),
(K,K ′), and (↑, ↓) respectively. These interactions are
turned on as follows, and are shown in Fig. 2 :
(A) The charging energy Hc is present for all µ. The
capacitance C can be µ-dependent. Hc will produce Mott
insulators at integer number per cell q = 1, 2, . . . , 7. It
is invariant with respect to rotations in layer L, valley
V and spin S spaces, and is therefore 8-fold degenerate.
The upper and lower bound of the chemical potential of
the q-particle Mott insulator will be denoted as µ−q and
µ+q .
(B) A symmetry breaking field HL in the layer space L
is also present for all µ favoring a layer state U . HL is
independent of valley and spin indices and is 4-fold degen-
erate. (A similar situation occurs in the weak coupling
case. The coupling of unlike valley Dirac cones from dif-
ferent layers can produce a layer polarization that reduces
the Landau fan degeneracy from 8 to 4, while opening a
gap at n = ±ns/2 simultaneously.[11]).
(C) As µ increases above CN, new mean fields are set in
at the Mott phases with odd particle numbers q per site.
At the onset of the q = 5 Mott state, µ−5 , a mean field
HV favoring the valley state K is turned on as shown
in Fig. 2, gradually establishing an ordering in state K
within the insulating phase (µ−5 < µ < µ
+
5 ). Like Hc,
HV does not affect the spin degrees of freedom and has
a degeneracy of 2.
(D) As µ increases further to µ−7 , the onset of the n = 7
Mott state, a mean field HS favoring the spin state α is
turned on as shown in Fig. 2, gradually polarizing the
electrons to spin α within the interval (µ−7 < µ < µ
+
7 ).
(See Fig 2.)
(E) Similar symmetry breaking fields are switched on in
a particle-hole symmetric manner for µ below CN, i.e.
−HV is switched on at µ+3 favoring the state K′ within
the range µ−3 < µ < µ
+
3 , and −HS is switched on at µ+1
favoring the state β within the range µ−1 < µ < µ
+
1 as
shown in Fig. 2.
Although we have chosen to first break the valley sym-
metry and then the spin symmetry as µ moves away from
CN, the order can be changed in either or both sides of
CN without affecting our conclusions. We now show that
the interactions (A)− (E) lead to the pattern in Fig. 1 :
(I) We shall denote the Mott state with q electrons per
site as |q〉. Both (A) and (B) imply that the Mott states
with q ≤ 4 are make up of electrons in the U state. The
creation operator for the U state and the orthogonal D
state are denoted as Uˆ†` and Dˆ†` , where ` labels the four
states (K ↑), (K ′ ↓), (K ↑), (K ′ ↓). The Mott state
at CN is |4〉 = ∏R |4〉R, where |4〉R = ∏4`=1 Uˆ†` (R)|0〉
is a valley and spin singlet. See Fig. 3. Its particle and
hole excitations are the momentum k states D†`(k)|4〉 and
U`(k)|4〉. Since HL is independent of `, these excitations
are 4-fold degenerate and behave like a spin-3/2 particles.
As µ moves away from CN, these “spin=3/2” particles
gather into a growing Fermi surface , leading to an ex-
panding Landau fan with G = 4 on both sides of CN as
shown in Fig.1 in the interval −ns/4 < n < ns/4. It is
useful to think of the Mott state with q as q = 4 + n
state, where n = −4, . . . ,+4, with the state |4〉 being an
inert background, since it is a valley and spin singlet.
(II) As µ approaches µ−5 from below, one reaches the on-
set of the q = 5 = 4 + 1 (or n = ns/4 Mott state). The
large Fermi sea of the “spin-3/2” fermions turns into a
Mott insulator of spin-3/2 particles. (See Fig.3) Each
site is in the state |5, `〉R = Dˆ†`(R)|4〉R. In the absence
of symmetry breaking fields in the space V ⊗ S, super-
exchange will generate a Heisenberg like Hamiltonian for
this system. The Mott state is then |5, µ−5 〉 = Oˆ†(µ−5 )|4〉,
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<latexit sha1_base64="3F0Gx9wcPVExNBm2gI/X wpc4RSo=">AAAB8nicbVBNS8NAEN34WetX1aOXxSIIQklU1GPRi8cK9gPSWDbbTbt0sxt2J0IJ+RlePCji1V /jzX/jts1BWx8MPN6bYWZemAhuwHW/naXlldW19dJGeXNre2e3srffMirVlDWpEkp3QmKY4JI1gYNgnUQzE oeCtcPR7cRvPzFtuJIPME5YEJOB5BGnBKzkd+O0l13mj9lp3qtU3Zo7BV4kXkGqqECjV/nq9hVNYyaBCmKM7 7kJBBnRwKlgebmbGpYQOiID5lsqScxMkE1PzvGxVfo4UtqWBDxVf09kJDZmHIe2MyYwNPPeRPzP81OIroOM yyQFJulsUZQKDApP/sd9rhkFMbaEUM3trZgOiSYUbEplG4I3//IiaZ3VvPOae39Rrd8UcZTQITpCJ8hDV6iO 7lADNRFFCj2jV/TmgPPivDsfs9Ylp5g5QH/gfP4AO7qRNg==</latexit>
µ 7
<latexit sha1_base64="PMX3amK0X6MwWKYHg8uF kehEGkw=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4sSQq1GPRi8cK9gPSWDbbTbt0sxt2J0IJ+RlePCji1V /jzX/jts1BWx8MPN6bYWZemAhuwHW/nZXVtfWNzdJWeXtnd2+/cnDYNirVlLWoEkp3Q2KY4JK1gINg3UQzE oeCdcLx7dTvPDFtuJIPMElYEJOh5BGnBKzk9+K0n9Xzx+w871eqbs2dAS8TryBVVKDZr3z1BoqmMZNABTHG9 9wEgoxo4FSwvNxLDUsIHZMh8y2VJGYmyGYn5/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUVvKv7n+SlE10HG ZZICk3S+KEoFBoWn/+MB14yCmFhCqOb2VkxHRBMKNqWyDcFbfHmZtC9q3mXNvb+qNm6KOEroGJ2gM+ShOmqg O9RELUSRQs/oFb054Lw4787HvHXFKWaO0B84nz9ATZE5</latexit>
µ 4
<latexit sha1_base64= "tp31hB1NFe/cQga/62Y813BxYj0=">AAAB8nicbVB NS8NAEN34WetX1aOXxSJ4sSRa0GPRi8cK9gPSWDbbT bt0sxt2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZ emAhuwHW/nZXVtfWNzdJWeXtnd2+/cnDYNirVlLWo Ekp3Q2KY4JK1gINg3UQzEoeCdcLx7dTvPDFtuJIPME lYEJOh5BGnBKzk9+K0n9Xzx+w871eqbs2dAS8TryBV VKDZr3z1BoqmMZNABTHG99wEgoxo4FSwvNxLDUsIHZ Mh8y2VJGYmyGYn5/jUKgMcKW1LAp6pvycyEhsziUP bGRMYmUVvKv7n+SlE10HGZZICk3S+KEoFBoWn/+MB1 4yCmFhCqOb2VkxHRBMKNqWyDcFbfHmZtC9q3mXNva9 XGzdFHCV0jE7QGfLQFWqgO9RELUSRQs/oFb054Lw47 87HvHXFKWaO0B84nz87spE2</latexit>
µ+4
<latexit sha1_base64= "JRrzAAJNJfJYUVkdD9S3cGkcye4=">AAAB8nicbVB NS8NAEN34WetX1aOXxSIIQkm0oMeiF48V7AeksWy2m 3bpZjfsToQS8jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y 8MBHcgOt+Oyura+sbm6Wt8vbO7t5+5eCwbVSqKWtR JZTuhsQwwSVrAQfBuolmJA4F64Tj26nfeWLacCUfYJ KwICZDySNOCVjJ78VpP6vnj9l53q9U3Zo7A14mXkGq qECzX/nqDRRNYyaBCmKM77kJBBnRwKlgebmXGpYQOi ZD5lsqScxMkM1OzvGpVQY4UtqWBDxTf09kJDZmEoe 2MyYwMoveVPzP81OIroOMyyQFJul8UZQKDApP/8cDr hkFMbGEUM3trZiOiCYUbEplG4K3+PIyaV/UvMuae1+ vNm6KOEroGJ2gM+ShK9RAd6iJWogihZ7RK3pzwHlx3 p2PeeuKU8wcoT9wPn8AOKiRNA==</latexit>
µ+3
<latexit sha1_base64="xkNqJTMC7NhovTv/pXtX RiPN9Yg=">AAAB8nicbVBNS8NAEN34WetX1aOXxSIIQkmsoMeiF48V7AeksWy2m3bpZjfsToQS8jO8eFDEq7 /Gm//GbZuDtj4YeLw3w8y8MBHcgOt+Oyura+sbm6Wt8vbO7t5+5eCwbVSqKWtRJZTuhsQwwSVrAQfBuolmJ A4F64Tj26nfeWLacCUfYJKwICZDySNOCVjJ78VpP6vnj9l53q9U3Zo7A14mXkGqqECzX/nqDRRNYyaBCmKM7 7kJBBnRwKlgebmXGpYQOiZD5lsqScxMkM1OzvGpVQY4UtqWBDxTf09kJDZmEoe2MyYwMoveVPzP81OIroOM yyQFJul8UZQKDApP/8cDrhkFMbGEUM3trZiOiCYUbEplG4K3+PIyaV/UvHrNvb+sNm6KOEroGJ2gM+ShK9RA d6iJWogihZ7RK3pzwHlx3p2PeeuKU8wcoT9wPn8ANx+RMw==</latexit>
µ 3
<latexit sha1_base64="IxTY/B0Ubrqrof9Cw3bF GBqaB74=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4sSRW0GPRi8cK9gPSWDbbTbt0sxt2J0IJ+RlePCji1V /jzX/jts1BWx8MPN6bYWZemAhuwHW/nZXVtfWNzdJWeXtnd2+/cnDYNirVlLWoEkp3Q2KY4JK1gINg3UQzE oeCdcLx7dTvPDFtuJIPMElYEJOh5BGnBKzk9+K0n9Xzx+w871eqbs2dAS8TryBVVKDZr3z1BoqmMZNABTHG9 9wEgoxo4FSwvNxLDUsIHZMh8y2VJGYmyGYn5/jUKgMcKW1LAp6pvycyEhsziUPbGRMYmUVvKv7n+SlE10HG ZZICk3S+KEoFBoWn/+MB14yCmFhCqOb2VkxHRBMKNqWyDcFbfHmZtC9qXr3m3l9WGzdFHCV0jE7QGfLQFWqg O9RELUSRQs/oFb054Lw4787HvHXFKWaO0B84nz86KZE1</latexit>
µ 2
<latexit sha1_base64="uCJDpE2v7XA4GiDP8Gph V6HHts8=">AAAB8nicbVDLSsNAFJ34rPVVdekmWAQ3lqQKuiy6cVnBPiCNZTKdtEPnEWZuhBLyGW5cKOLWr3 Hn3zhts9DWAxcO59zLvfdECWcGPO/bWVldW9/YLG2Vt3d29/YrB4dto1JNaIsornQ3woZyJmkLGHDaTTTFI uK0E41vp37niWrDlHyASUJDgYeSxYxgsFLQE2k/q+eP2Xner1S9mjeDu0z8glRRgWa/8tUbKJIKKoFwbEzge wmEGdbACKd5uZcammAyxkMaWCqxoCbMZifn7qlVBm6stC0J7kz9PZFhYcxERLZTYBiZRW8q/ucFKcTXYcZk kgKVZL4oTrkLyp3+7w6YpgT4xBJMNLO3umSENSZgUyrbEPzFl5dJu17zL2re/WW1cVPEUULH6ASdIR9doQa6 Q03UQgQp9Ixe0ZsDzovz7nzMW1ecYuYI/YHz+QM4oJE0</latexit>
µ+2
<latexit sha1_base64="qSdYo4Gc3il3Rbc6cfSL MpTTEmI=">AAAB8nicbVDLSsNAFJ34rPVVdekmWARBKEkVdFl047KCfUAay2Q6aYfOI8zcCCXkM9y4UMStX+ POv3HaZqGtBy4czrmXe++JEs4MeN63s7K6tr6xWdoqb+/s7u1XDg7bRqWa0BZRXOluhA3lTNIWMOC0m2iKR cRpJxrfTv3OE9WGKfkAk4SGAg8lixnBYKWgJ9J+Vs8fs/O8X6l6NW8Gd5n4BamiAs1+5as3UCQVVALh2JjA9 xIIM6yBEU7zci81NMFkjIc0sFRiQU2YzU7O3VOrDNxYaVsS3Jn6eyLDwpiJiGynwDAyi95U/M8LUoivw4zJ JAUqyXxRnHIXlDv93x0wTQnwiSWYaGZvdckIa0zAplS2IfiLLy+Tdr3mX9S8+8tq46aIo4SO0Qk6Qz66Qg10 h5qohQhS6Bm9ojcHnBfn3fmYt644xcwR+gPn8wc1lpEy</latexit>
µ+1
<latexit sha1_base64= "/92Y8yxtZ0NOQbP9Gj5qPtvlly4=">AAAB8nicbVB NS8NAEJ3Ur1q/qh69LBZBEEqigh6LXjxWsB+QxrLZb tqlm92wuxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDP zwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DtpapIrRF JJeqG2JNORO0ZZjhtJsoiuOQ0044vp36nSeqNJPiwU wSGsR4KFjECDZW8ntx2s+8/DE7y/vVmlt3Z0DLxCtI DQo0+9Wv3kCSNKbCEI619j03MUGGlWGE07zSSzVNMB njIfUtFTimOshmJ+foxCoDFEllSxg0U39PZDjWehK HtjPGZqQXvan4n+enJroOMiaS1FBB5ouilCMj0fR/N GCKEsMnlmCimL0VkRFWmBibUsWG4C2+vEza53Xvou7 eX9YaN0UcZTiCYzgFD66gAXfQhBYQkPAMr/DmGOfFe Xc+5q0lp5g5hD9wPn8ANA2RMQ==</latexit>
µ 1
<latexit sha1_base64= "tdZ2+BWtk22Qpk1MFB3ZiIUevR0=">AAAB8nicbVB NS8NAEJ3Ur1q/qh69LBbBiyVRQY9FLx4r2A9IY9lsN +3SzW7Y3Qgl5Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl 5YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8tUEdoi kkvVDbGmnAnaMsxw2k0UxXHIaScc3079zhNVmknxYC YJDWI8FCxiBBsr+b047Wde/pid5f1qza27M6Bl4hWk BgWa/epXbyBJGlNhCMda+56bmCDDyjDCaV7ppZommI zxkPqWChxTHWSzk3N0YpUBiqSyJQyaqb8nMhxrPYl D2xljM9KL3lT8z/NTE10HGRNJaqgg80VRypGRaPo/G jBFieETSzBRzN6KyAgrTIxNqWJD8BZfXibt87p3UXf vL2uNmyKOMhzBMZyCB1fQgDtoQgsISHiGV3hzjPPiv Dsf89aSU8wcwh84nz83F5Ez</latexit>
µ8
<latexit sha1_base64="EhdWHjn61ziyzi+IlG5U +kv6CpI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqYI5BLx4jmAckS5idTJIhM7PLTK8QlnyEFw+KeP V7vPk3TpI9aLSgoajqprsrSqSw6PtfXmFtfWNzq7hd2tnd2z8oHx61bJwaxpsslrHpRNRyKTRvokDJO4nhV EWSt6PJ7dxvP3JjRawfcJrwUNGRFkPBKDqp3VNpP6vN+uWKX/UXIH9JkJMK5Gj0y5+9QcxSxTUySa3tBn6CY UYNCib5rNRLLU8om9AR7zqqqeI2zBbnzsiZUwZkGBtXGslC/TmRUWXtVEWuU1Ec21VvLv7ndVMc1sJM6CRF rtly0TCVBGMy/50MhOEM5dQRyoxwtxI2poYydAmVXAjB6st/SeuiGlxW/furSv0mj6MIJ3AK5xDANdThDhrQ BAYTeIIXePUS79l7896XrQUvnzmGX/A+vgFV4I+P</latexit>
µ+7
<latexit sha1_base64="2TIs8afGVKNnR398Mtgc rdKHBnU=">AAAB8nicbVBNS8NAEN34WetX1aOXxSIIQklUqMeiF48V7AeksWy2m3bpZjfsToQS8jO8eFDEq7 /Gm//GbZuDtj4YeLw3w8y8MBHcgOt+Oyura+sbm6Wt8vbO7t5+5eCwbVSqKWtRJZTuhsQwwSVrAQfBuolmJ A4F64Tj26nfeWLacCUfYJKwICZDySNOCVjJ78VpP6vnj9l53q9U3Zo7A14mXkGqqECzX/nqDRRNYyaBCmKM7 7kJBBnRwKlgebmXGpYQOiZD5lsqScxMkM1OzvGpVQY4UtqWBDxTf09kJDZmEoe2MyYwMoveVPzP81OIroOM yyQFJul8UZQKDApP/8cDrhkFMbGEUM3trZiOiCYUbEplG4K3+PIyaV/UvMuae39VbdwUcZTQMTpBZ8hDddRA d6iJWogihZ7RK3pzwHlx3p2PeeuKU8wcoT9wPn8APUORNw==</latexit>
µ0
<latexit sha1_base64= "zUBFZ4RB14bKKDwtUTU0UQR/+uo=">AAAB8XicbVB NS8NAEJ3Ur1q/oh69LBbBU0lU0GPRi8cK9gPbWDbbT bt0dxN2N0IJ+RdePCji1X/jzX/jts1BWx8MPN6bYWZ emHCmjed9O6WV1bX1jfJmZWt7Z3fP3T9o6ThVhDZJ zGPVCbGmnEnaNMxw2kkUxSLktB2Ob6Z++4kqzWJ5by YJDQQeShYxgo2VHnoi7Wde/pjlfbfq1bwZ0DLxC1KF Ao2++9UbxCQVVBrCsdZd30tMkGFlGOE0r/RSTRNMxn hIu5ZKLKgOstnFOTqxygBFsbIlDZqpvycyLLSeiNB 2CmxGetGbiv953dREV0HGZJIaKsl8UZRyZGI0fR8Nm KLE8IklmChmb0VkhBUmxoZUsSH4iy8vk9ZZzT+veXc X1fp1EUcZjuAYTsGHS6jDLTSgCQQkPMMrvDnaeXHen Y95a8kpZg7hD5zPH8iKkPs=</latexit>
U
<latexit sha1_base64="VbGZMHBvS1kFe1PhxZUn 75cXrpU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cKphbaUDbbTbt0s4m7E6GE/gkvHhTx6t /x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TJJpxn2WyES3Q2q4FIr7KFDydqo5j UPJH8LRzdR/eOLaiETd4zjlQUwHSkSCUbRSO+8yKok/6VVrbt2dgSwTryA1KNDsVb+6/YRlMVfIJDWm47kpB jnVKJjkk0o3MzylbEQHvGOpojE3QT67d0JOrNInUaJtKSQz9fdETmNjxnFoO2OKQ7PoTcX/vE6G0VWQC5Vm yBWbL4oySTAh0+dJX2jOUI4toUwLeythQ6opQxtRxYbgLb68TFpnde+87t5d1BrXRRxlOIJjOAUPLqEBt9AE HxhIeIZXeHMenRfn3fmYt5acYuYQ/sD5/AG/6Y/F</latexit>
D
<latexit sha1_base64="/aHIyrmTf/4x9Z9qwLfS+7OVlkk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbB U0lU0GNRDx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1gOOE+xEdKBEKRtFK7azLqCS 3k1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezeyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRlW wI3uLLy6R5VvXOq+79RaV2ncdRhCM4hlPw4BJqcAd1aAADCc/wCm/Oo/PivDsf89aCk88cwh84nz+mFI+0</latexit>
K
<latexit sha1_base64="ulALHHu1UIbkT4Z+5fNQ JaIYUYg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi+Clgv2ANpTNdtMu3Wzi7kQooX/CiwdFvP p3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiO Y0CyVvB6Gbqt564NiJWDzhOuB/RgRKhYBSt1M66jEpyN+mVK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5C foZ1SiY5JNSNzU8oWxEB7xjqaIRN342u3dCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmV pMgVmy8KU0kwJtPnSV9ozlCOLaFMC3srYUOqKUMbUcmG4C2+vEyaZ1XvvOreX1Rq13kcRTiCYzgFDy6hBrdQ hwYwkPAMr/DmPDovzrvzMW8tOPnMIfyB8/kDsLePuw==</latexit>
K0
<latexit sha1_base64="Jl7El/PwmJsllcf+JC5wnPj1L1I=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE9 lV0V9Fj0InipYD+kXUo2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RkvLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5Y3XIrWCvRjMhQsGY4vJn4zSemDY/Vgx0lLJCkr3jEKbFOesw6lAh 8Nz7plspexZsCLxI/J2XIUeuWvjq9mKaSKUsFMabte4kNMqItp4KNi53UsITQIemztqOKSGaCbHrwGB87pYejWLtSFk/V3xMZkcaMZOg6JbEDM+9NxP+8dmqjqyDjKkktU3S2KEoFtjGefI97XDNqxcgRQjV3t2I6IJpQ6z IquhD8+ZcXSeOs4p9XvPuLcvU6j6MAh3AEp+DDJVThFmpQBwoSnuEV3pBGL+gdfcxal1A+cwB/gD5/ABPDj+w=</latexit>
↵
<latexit sha1_base64="vJ0DjKp/7H4i62d8sCAN 4zbogsQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bj04jGCeUCyhN7JbDJmdmaZmRVCyD948aCIV/ /Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWasjpVQulWhIYJLlndcitYK9UMk 0iwZjS8nfrNJ6YNV/LBjlIWJtiXPOYUrZMaHRTpALulsl/xZyDLJMhJGXLUuqWvTk/RLGHSUoHGtAM/teEYt eVUsEmxkxmWIh1in7UdlZgwE45n107IqVN6JFbalbRkpv6eGGNizCiJXGeCdmAWvan4n9fObHwdjrlMM8sk nS+KM0GsItPXSY9rRq0YOYJUc3croQPUSK0LqOhCCBZfXiaN80pwUfHvL8vVmzyOAhzDCZxBAFdQhTuoQR0o PMIzvMKbp7wX7937mLeuePnMEfyB9/kDjCuPGg==</latexit>  
<latexit sha1_base64="BBfzuZvADJhtWX1acdxW27K9aiI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbB U0lU0GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vRAN7Vd rbt2dg6wSryA1KNDsV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM+PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5mopsg5zLNDEq2WBRlgpiEzD4nA66QGTGxhDLF7a2EjaiizNh8KjYEb/ nlVdK6qHuXdffhqta4LeIowwmcwjl4cA0NuIcm+MCAwzO8wpsjnRfn3flYtJacYuYY/sD5/AHEgI6m</latexit>
8
<latexit sha1_base64="oTsIFbgEtGrhoswTaPPoRO5a0Pg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4 KokK9lj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqVPulslt x5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmrDqZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vE palxXvquI2rsu12zyOApzCGVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBheOMvg==</latexit>
⌘<latexit sha1_base64="TEgFtqsVXBlUg180KR86rn2gMS8=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8 lUQFPRa9eKxgP6ANZbOdtGs3u3F3Uyih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLE8608bxvZ2V1bX1js7BV3N7Z3dsvHRw2tEwVxTqVXKpWSDRyJrBumOHYShSSOOTYDIe3U785QqWZFA9mnGAQk75gEaPEWKnRwaeUjbq lslfxZnCXiZ+TMuSodUtfnZ6kaYzCUE60bvteYoKMKMMox0mxk2pMCB2SPrYtFSRGHWSzayfuqVV6biSVLWHcmfp7IiOx1uM4tJ0xMQO96E3F/7x2aqLrIGMiSQ0KOl8Updw10p2+7vaYQmr42BJCFbO3unRAFKHGBlS0If iLLy+TxnnFv6h495fl6k0eRwGO4QTOwIcrqMId1KAOFB7hGV7hzZHOi/PufMxbV5x85gj+wPn8AcLljz4=</latexit>
[3/2]
<latexit sha1_base64="e2JbJGXyOiirk2QQ5wHB FElGotU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4qkkr6LHoxWMF0xbSUDbbTbt0sxt2N0IJ/Q1ePCji1R /kzX/jts1BWx8MPN6bYWZelHKmjet+O2vrG5tb26Wd8u7e/sFh5ei4rWWmCPWJ5FJ1I6wpZ4L6hhlOu6miO Ik47UTju5nfeaJKMykezSSlYYKHgsWMYGMlP2hc1sN+perW3DnQKvEKUoUCrX7lqzeQJEuoMIRjrQPPTU2YY 2UY4XRa7mWappiM8ZAGlgqcUB3m82On6NwqAxRLZUsYNFd/T+Q40XqSRLYzwWakl72Z+J8XZCa+CXMm0sxQ QRaL4owjI9HsczRgihLDJ5Zgopi9FZERVpgYm0/ZhuAtv7xK2vWa16i5D1fV5m0RRwlO4QwuwINraMI9tMAH Agye4RXeHOG8OO/Ox6J1zSlmTuAPnM8fvoKN+g==</latexit>
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FIG. 3. The sequence of Mott states generated by our model:
The stack of circles is to represent that Fock state (or num-
ber state) for fermions at each insulator at each site |q〉R on
the superlattice as discussed in text. The states U and D are
represented by different colors. The white and black arrow
represent valley and spin degrees of freedom. A tilted back
arrow associated with a perpendicular dashed two-head ar-
row outside means that the spin can be in any state. When
spin is polarized by the mean field, the arrow points either up
or down. The same applies to the valley degrees of freedom
(white arrow). For q ≤ 4, all sites are occupied by the U
state. The Mott state q ≥ 5 will have additional D particles.
At µ−5 , the added particle has full valley and spin degeneracy,
and behaves like a spin-3/2 fermion, denoted as [3/2]. As µ
increases from µ−5 to µ
+
5 , the valley polarization HV is turned
on, freezing the valley degrees of freedom and turing it into a
spin-1/2 particle. Similar reduction of degenerate degrees of
freedom also occurs in the other odd q states. The Mott state
|4〉 is a valley and spin singlet. The Mott state |2〉 and |6〉 are
valley ferromgnet and spin singlets. The Mott states |1, µ−1 〉
and |7, µ+7 〉 are valley and spin ferromagnets. The Mott state
at µ+1 , µ
−
3 , µ
+
5 , µ
−
7 are the ground state of a spin-1/2 antifer-
romagnet Heisenberg hamiltonian. The Mott state at µ+3 and
µ−5 are the ground state of a spin-3/2 antiferromagnet Heisen-
berg hamiltonian. The particle and hole excitations of these
states will give rise to a Landau fan degeneracy 4, 2, 2, 1 away
from CN as explained in (I) to (V) in text.
where Oˆ†(µ−5 ) =
∑
[`] Ψ`1,`2,..`N
∏
Ri
Dˆ†`i(Ri), and Ψ
is the ground state of the relevant spin-3/2 Heisen-
berg Hamiltonian, which we shall take as a singlet in
V ⊗ S. However, as µ increases further, the mean
field HV discussed in (C) grows. It favors the val-
ley state K, and hence reduces the degeneracy ` to
(K, σ), σ =↑, ↓. This process changes the spin-3/2
fermions into spin-1/2 fermions as µ sweeps through
the insulator from below, µ−5 < µ < µ
+
5 . The ground
state near µ+5 is |5, µ+5 〉 = Oˆ†(µ+5 )|4〉, where Oˆ†(µ+5 ) =∑
[σ] Φσ1,σ2,..σN
∏
Ri
Dˆ†Kσi(Ri), and Φ is the ground state
of the spin-1/2 Heisenberg model near µ+5 , which is a spin
singlet. See Fig.2 and 3.
The electron excitation at µ+5 is Dˆ†K,σ(k)|5, µ+5 〉, which
is two fold degenerate and is a spin-1/2 fermion. As
µ increases above µ+5 , these excitations form a growing
Fermi surfaces starting from zero size at µ+5 , leading to
a growing Landau fan dispersing towards the top of the
band with G = 2. In contrast, the Landau fan for µ just
below µ−5 is due to the electron excitations originated
from the state |q = 4〉, which has a large Fermi surface
at µ−5 . So there is a great asymmetry of the size of Fermi
surface on different sides of |q = 5〉 as shown in Fig.1.
(III) As µ reaches µ−6 , the onset of the q = 6 = 4 + 2
Mott state (n = ns/2), the spin-1/2 excitations emerg-
ing from |5〉 are localized, turning into the Mott state
|6〉 = ∏R Dˆ†K↑(R)Dˆ†K↓(R)|4〉 (See Fig.3). Since this
state is a valley ferromagnet and a spin singlet, its in-
ternal structure of this state is unchanged over the range
µ−6 < µ < µ
+
6 .
The electron excitation of this state is D†K′σ(k)|2〉,
which is again a spin-1/2 fermion. Hence, the degen-
eracy of the Landau fans remains G = 2 on both sides of
the (even) q = 6 insulator, unlike the (odd) q = 5. Yet
in both cases, the size of Fermi surface jumps from large
value to 0 as µ passes through an insulating gap from
below as shown in See Fig.1.
(IV) As µ increases to µ−7 , the onset of the q = 7
Mott state |7〉 (or n = (3/4)ns), each site is a Fock
state |7, σ〉R = D†K′σ|6〉R, which is a spin-1/2 parti-
cle. (See Fig.3). Again, super-exchange will generate
an antiferromagnet Heisenberg Hamiltonian for this sys-
tem. The Mott state at µ−7 is then |7, µ−7 〉 = Oˆ†|6〉,
Oˆ† =
∑
[σ] Φσ1,σ2,..σN
∏
Ri
Dˆ†K′σi(Ri), where Φ is the
antiferromagnet ground state. However, as mean field
HS is turned on with increasing µ (see D), the ground
state turns into a ferromagnet with spin state α, and
|7, µ+7 〉 =
∏
RD†K′,α(R)|6〉. The particle excitations
are obtained by adding fermions in the orthogonal spin
states, D†K′,β(k)|7, µ+7 〉. These excitations are spin, val-
ley, and layer polarized. They then lead to a non-
degenerate Landau fan growing out from µ+7 with G = 1,
as shown in Fig.1.
(V) The situation below CN is the particle-hole mirror of
(I) to (IV), with the creation of the D particle replaced
by the removal of the U particles. Reasoning similar to
(I)− (IV) then lead to the insulating structure shown in
Fig. 3, which leads to the degeneracy pattern (4, 2, 2, 1)
on both sides of CN as shown in Fig 1.
Connection to experiments: We now relate the results
(I) to (V) to experimental results (1) to (6):
(1′) Since the charging energy is sample dependent, the
absence of Mott state at q = 3 (or n = −ns/4) in current
experiments (discussed in (1)) can occur if the capaci-
tance C is very large in the range of µ for the q = 3
state. It remains to be seen whether this insulating state
remains absent in future experiments. The missing insu-
lating phase at n = ±ns/4 and n = ±3ns/4 in Ref. [1, 2]
could also be explained by the same reason. The ab-
sence of insulating state at densities below CN reported
in Ref.[5] will then correspond to a very large C for all µ
5below CN.
(2′)The observations in (2)-(4): Our model will give rise
to the observation in Ref.[4] provided the insulating phase
at q = 3 is eliminated (see (1′)). The lower degeneracy
of 2 around CN observed in Ref.[5] can be obtained from
our model if the valley polarization HV that favors a
particular valley state K is present for all µ, just like
the layer polarization HL. This will freeze both layer
and valley degrees of freedom, leaving spin is the only
degeneracy. Our model also shows that all the universal
features in (2)-(4).
(3′) In our model, the q = 7 (or n = 3ns/4) Mott state
is a spin ferromagnet. Even though our model need not
be the the reason for the observed ferromagnetic state
Ref.[5], (See (6)), it shows a pathway to ferrmagnetism in
the insulating phases. Should spin symmetry be broken
before the valley symmetry as one moves away from CN,
ferromagnetism will be found in more than one insulating
states.
(4′) Zeeman Effect: The wavefunctions of the degenerate
states in a Landau fan generally involve mixing of layer,
valley, and spin degrees of freedom. A magnetic field will
deform these wavefunctions, but need not split the degen-
eracy if the energy of symmetry mixing still dominates
over the Zeeman energy. The critical magnetic field at
which the splitting of Landau fan occurs is therefore a
measure of the the strength of symmetry mixing.
Final remarks: While we have made the point that
many puzzling features of twisted bilayer graphene can
be explained by a simple model that includes both strong
correlation and mean field physics, the specific features
of graphene invoked are only related to its the degrees of
freedom of the superlattice, which is quite minimal. Our
formulation, as it stands, is not restricted to graphene.
It will be interesting to test these results in other twisted
2D materials.
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